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Combined Systems in Quantum Probability

Stanley Gudder’
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A framework for quantum probability is developed and combinations of systems
are studied within this framework. In particular, we consider the horizontal sum,
the direct sum, and the Cartesian product of quantum probability systems. The
relations between these combinations and the concepts of interference and
independence of measurements are derived. We also consider the amplitude
superselection structure of these combinations.

1. INTRODUCTION

The quantum probability framework that we shall use is based on ideas
of Feynman (1948; Feynman and Hibbs, 1965; Schulman, 1981). According
to Feynman, at any given time, a physical system S is in precisely one state
(or configuration or alternative) w and each state has an amplitude for
occurring. If X is a measurement on S, then executing X results in a unique
outcome depending on the state  of S. The amplitude of an outcome x
of a measurement X is the “sum” of the amplitudes of all states that result
in x upon executing X. The probability of an outcome of X is the modulus
squared of its amplitude. We have developed these ideas in previous works
(Gudder, 19884a,b, 1989, and to appear) and refer the reader to these for a
fuller discussion.

The three main ingredients of a quantum probability theory for S are
the set of states (), a set of measurements & which we call a catalog, and
the set of amplitude densities P () for &. This paper is primarily concerned
with various ways of combining catalogs and amplitude densities. In par-
ticular, if &, and &, are catalogs, we define their horizontal sum &, + o,
direct sum o, ® «f,, and Cartesian product «,s,. Corresponding to these
combinations, there are natural ways of combining their amplitude densities.
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For f, € 2(«,) and f, € D(A,) we define the combinations fiof, on &, + <,
[1©f; on A, D oA,, and f, f, on o, o,. Moreover, we introduce the concepts
of interference and independence of measurements relative to an amplitude
density and study the manifestations of these concepts for the various
combinations. We also consider superpositions of amplitude densities. These
result in (unnormalized) amplitudes, and we call maximal superposition
sets of amplitudes, sectors. The sector structures for combined systems are
developed. In order to give simple motivations of the theory without
measure-theoretic technicalities, finite quantum probability models are
developed in Section 2. Section 3 studies horizontal sums within the finite
model. In Section 4, we present the full mathematical theory as motivated
by Section 2. Finally, Sections 5 and 6 develop the theory of direct sums
and Cartesian products.

2. FINITE MODELS

Since a full formulation of quantum probability theory requires certain
measure-theoretic technicalities, it is instructive to first consider a simple
finite model. Let Q ={w,, ..., w,} be the set of possible states for a physical
system S. Let f:{Q—>C be an amplitude function, where f(w;) gives the
amplitude that the state w; occurs, j=1,...,n If X is a measurement for
S, we denote by X(w) = x the outcome resulting when X is executed and
S is in the state w € (). Thus, we can consider X as a function X : Q) » R(X),
where the range R(X) is the set of X-outcomes. The amplitude of the
outcome x upon executing X is defined by

K@) =L{f(0): X(0)=x}= Y flo) (2.1)
weX*l(x)
We call fyx:R(X)—>C the (X, f)-wave function. Notice that (2.1) is the
prescription for obtaining the amplitude of x given in the introduction. The
probability of x upon executing X is defined as Px ;(x)=|fx(x)|’. Finally,
if B< R(X) is a set of X-outcomes (an X-event), the probability of B is
given by

Px /(B)= ZB Py f(x)= ZE Ifx(x)|2 (2.2)

In order for Py ; to be a probability distribution, we must assume that f
satisfies the normalization condition

Y Ifx®P=1 (2.3)

xe R(X)

If (2.3) holds, we call f an amplitude density for X. We then call Py, the
J-distribution of X.
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Although this formalism describes quantum mechanical situations, the
reader should notice that we have not begun with the Hilbert space of states
and have not defined an observable as a self-adjoint operator. These tradi-
tional quantum mechanical constructs are derived from our more primitive
axioms. In fact, due to the normalization condition (2.3), the wave function
fx is a unit vector in the Hilbert space Hy = I>(R(X)). Traditional quantum
mechanics begins with the wave function fx :R(X)- C and misses the
underlying “reality” given by the space {}. Moreover, traditional quantum
mechanics describes the measurement X by the operator X on Hy given
by (XF)(x) = xf (x). This replaces the function X by the more complicated
and less precise operator X.

So far we have only discussed a single measurement and events corre-
sponding to that measurement. In quantum mechanics it is important to
consider several measurements simultaneously and their corresponding
events. For this reason, we introduce a nonempty collection of measurements
. We denote by D () the set of functions that are simultaneous amplitude
densities for all the measurements in . Let X € o, let A< (), and suppose
we want to obtain information about A by employing the measurement X.
In general, A may have no relationship to X. In fact, A is frequently of the
form A= Y !(B), where Y € & is another measurement. In this case, we
seek information about Y using a different measurement X. We define the
amplitude that A occurs and X results in x by

HA)(x) =T {f(0): we An X7 (x)} (2.4)
In particular, notice that for every B< R(X) we have
fx[X‘l(B)]=Xfo (2.5)

where yp is the characteristic function for B, so (2.4) is a reasonable
definition. Moreover, when A = we have fx(Q)) = fx. It is then natural to
define the (X, f)-pseudoprobability of A as

Px (A= T |fx(A)x)P (2.6)

xeR(X)
As a special case, applying (2.5), this gives for B< R(X)
Py /(B)= PX,f[le(B)] = E(X) x5 ()| fx (x)lz = ZB Ifx(x)|2

which is consistent with (2.2).

Although Py (A) is always nonnegative, we call it a pseudoprobability,
since it may be larger than 1 and is not generally additive in A. For these
reasons, Px [(A) may not be interpretable as a probability. However, in
many situations it does have the properties of a true probability distribution.
For example, we have seen this to be the case for A= X"'(B), B< R(X).
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What is the operational meaning of Py ;(A) as given in (2.6)? That is,
how does one calculate Px (A) using laboratory data? First, A must be a
physical event; that is, one which is preparable in the laboratory. Prepare
the event A a large number N times, and each time A is prepared, execute
the measurement X. Let R(X)={x,,..., x,} and suppose x; results n;
times, j=1, ..., m Thus, ), n;= N. If A is preparable, then its complement
A’ should also be be preparable. Follow the same procedure for A’ and
suppose x; now results n; times, j=1, ..., m. Then the number n;/(n; +n;)
gives the probability Px {(Alx;) that A occurs given that x; occurs when X
is executed. Now the probability Px ((x;) is easily calculated. Simply perform
X a large number N times and divide the number of occurrences 7; of x;
by N. These numbers are then used to calculate

Pu(A)= 3 Py (x)Px(Alx)=— ¥ —24
x,7{ )—j§1 % 7(%) Py £( |xj)_Nj§1 n+n
Now it is an axiom of quantum probability that this expression and the
one in (2.6) coincide.
Now let Bc R(X), AcQ and Px {(A)#0, and define the conditional
probability

Py AX (B)n A]
Px 7(A)

Py ;(B|A)= (2.7)

It is easy to show that
fX[X_I(B)ﬁA]zXfo(A) (2.8)
Applying (2.8), (2.7) becomes

1
A)(x)|? 2.9
Prr(A) x | fx (A)(x)] (2.9)
Notice that B+> Py ;(B|A) is a true probability measure on the set of
X-events. For X, Ye o and fe P(A), we say that X is f-independent of
Y if

Py ;(B|A)=

ZB ]fx[ Y-I(A)](x)lz = PX,f(B)PX,f[ Y_I(A)] (2.10)

forevery B< R(X), A< R(Y). Applying (2.9) and (2.10), we conclude that
PX,f(B’ Yyl(A)) = Px,f(B)

for every B< R(X), A< R(Y) with Py [ Y '(A)]#0. We say that X does
not interfere with Y relative to f if

Py [[Y'(A)]= Py (A) (2.11)
for every A< R(Y).
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Our definition of independence is analogous to the classical definition
and does not need further justification. However, our definition of noninter-
ference is fairly recent, so we shall discuss it in some detail. [A different
justification is given in Gudder (1989 and 1990).] We first give a geometric
interpretation. Suppose for simplicity that

Q={w;:ij=1,...,n}

Let X, Y be measurements defined by X(w;)=x; and Y(w;)=y;, i, j=
1,...,n Suppose X does not interfere with Y relative to f and let A=
{y1, ¥} R(Y). Since

Y_’(A)——‘{w,-l,w,-z: i=1,...,n}

it follows from (2.11) that

2

(2.12)

+| % flwn)

T [flon)+f@a)P = | 3 flon)

Visualizing () as a matrix, on the left side of (2.12) we first sum along
a row, take the modulus squared, and then sum these, while on the right
side, we first sum along a column, take the modulus squared, and then
sum these. Hence, the orders of summation and of taking the modulus
squared are different. A similar equality must hold for every A< R(Y). We
thus see that two measurements do not interfere only under very special
circumstances.

Section 4 generalizes the present one by allowing measures on the sets
X “!(x), xe R(X). For the present finite case, this entails the introduction
of nonnegative weights w; corresponding to the elements w,€ X '(x). The
wave function at x then becomes

Sx(x)=Y{wf(e): o EX?I(X)}

We now analyze the concept of noninterference in traditional quantum
mechanics. For simplicity, suppose our system is described by a finite-
dimensional Hilbert space H. Let  be the unit sphere S(H) of H. This is
the usual quantum mechanical state space. Of course, in this case {1 is no
longer finite. However, we shall overcome this difficulty by placing weights
so that only a finite number of states have nonzero weight. For ¢ € S(H)
define the amplitude f=f£,:Q->C by f(¢) =(, ¢). Let {¢;,..., d,} be an
orthonormal basis in S(H) and let A,, ..., A,, A, be distinct real numbers.
Define X: Q>R by

Ai if ¢=¢i3 i=1,...,n
Aw otherwise

x|
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Place the standard counting measure on X '(A;), i=1,..., n, and place
the zero measure on X "'(A,). Then X is a measurement corresponding to
an observable that has the value A; in the state ¢;, i=1, ..., n. Notice that
f is an amplitude density for X, since fx(A;)={(4, ¢;), i=1,...,n, and
fx(Ae) =0, s0

2 ifx(/\)|2= 2 K, ¢i>]2= ”*l/”2 =1
AeR(X) j=1

Similarly, let {¢},...,¢,} be an orthonormal basis in S(H) and let
AL, ..., AL, AL be distinct real numbers. Define X': )R in an analogous
way. Suppose X does not interfere with X'. Then

Px,f[(X’)ul(A)] = PX',f(A)
for every A< R(X'). Letting A ={A}}, we have

T A6 8o = A0

Hence, if YL ¢], then ¢; = ¢| for some je{1,..., n}. Therefore, if yLp;
foreveryi=1,...,n,then{¢.,..., d.}={o1,..., #,}. Since the ¢, corre-
spond to eigenvectors, this condition characterizes commuting self-adjoint
matrices, which is the usual criterion for compatible observables. In general,
every eigenvector for X’ which is not orthogonal to ¢ coincides with an
eigenvector for X.

We close this section with a consideration of the expectation of a
function relative to a measurement. Suppose we want to measure a function
g:0->R using a measurement X. We first define the amplitude of g when
X results in x by

Ix(@)(x) =2 {g(w)f(w): X(w)=x} (2.13)

Notice that (2.13) is the sum of the values of g times the amplitudes of
these values along X ~'(x), so it is similar to a probability average. In this
sense, we can think of (2.13) as an amplitude average. Also, (2.13) is a
generalization of (2.4), since if g = x4, then fx (g)(x) = fx (A)(x). We define
the (X, f)-pseudoexpectation of g by

Exs(g)= };(X)fx(g)(x)fx(x) (2.14)

where fx(x) is the complex conjugate of fy(x). Notice that (2.14) is a
generalization of Py /(B), since if g= xx-' ), then Ex ((g)= Px ;(B).
Equation (2.13) can be used to show the correspondence between measure-
ments and functions on () with linear operators on Hy. In fact, the map
fx—>fx(g) takes elements of Hy to elements of Hy. Moreover, if we extend
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(2.13) to include unnormalized amplitudes, then this map becomes linear.
Therefore, corresponding to g we obtain a linear operator § on Hy satisfying

gfx =fx(g) (2.15)
Then (2.14) becomes

Exg)= ¥ (Ef))fx(x)=(&fx. fx) (2.16)

xeR(X)

which is the usual quantum mechanical formula. In particular, suppose
R(X)<R. Then (2.13) gives

H(X)(x)=x Y {f(0): X(0)=x}=xfx(x)

Hence, X is represented by the operator )2, where )Z'fx(x) = xfx(x). This
gives the usual representation Hilbert space Hy in which X is diagonal.

3. HORIZONTAL SUMS

This section illustrates some of the concepts of Section 2 and also
begins our study of combined systems. To conform with probabilistic
terminology, we call the set {) a sample space. Let (), and , be finite sample
spaces and let Q =0, xQ, be the Cartesian product of ), and £},,

Q={(w,, w,): 0, €0y, w€Qs}

If X,, X, are measurements on {,, {),, respectively, we define the measure-
ments )21, )22 on () by Xl(wl, w,) = X(w,), Xz(wl, ;) =X,(w,). If &, and
A, are catalogs on Q,, (., respectively, we define the horizontal sum of
A, and o, as

A+, ={X,, X,: X,€ oy, X, € o5}

The extension of this definition to any number of summands is straight-
forward. The next example illustrates the importance of this construction.

Example 1 (Spin Chain). LetQ, ={u, d} bethe sample space describing
the spin in the z direction of a spin-1/2 particle and let X be the spin
measurement given by X (u)=1/2, X(d)=-1/2. Suppose a spin-1/2 par-
ticle initially has spin up and we then perform spin measurements in the z
direction at one time unit and at two time units. Letting Q= {u}, this can
be described by the sample space

Q=0,xQ; xQ; ={(0, 03, ©2): W=, w1, W€ D1}

We then define the spin measurements }2'0, )2'1 , )22 on () by )%(wo, W, @)=
X(w;), j=0,1,2. For we(Q, let n(w) be the number of successive spin
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changes; for example, n((u, u, d)) =1, n((u, d, u)) =2. Define f:Q->C by
flw)=i""/2, i=+/-1. Then

f)zo(l) ==Y "("’)——(1+21+12)—l

meﬂ
m(3)=3a+n s-3) =31+

w0 al5)

It follows that f is an amplitude density for )20, )‘(1, and )?2. We have

) -ri

Hence,

1 1
A 1 1 1
P}?x,f[X21<"5>:| =E¢ 1= Pf(z,f<—5>

s0 a spin measurement at time 1 interferes with a spin measurement at
time 2. Moreover,

[l Al
(0 Al (-

Hence,
4 (1 1 1
Poos| X0\ 5) | =5= Prur 5
o 1 1 1
P)A{z,f[ ! 1<_5>] =5= 21,f<—5)

so a spin measurement at time 2 does not interfere with a spin measurement
at time 1. This shows that noninterference is not a symmetric relation.
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One can make a similar analysis for longer spin-1/2 chains. If measure-
ments are performed at times 0, 1,2, ..., m, we would construct the sample
space Qox {1, X --%x{),, where (), is repeated m times. In this case, we
would define f(w) = i"’/2™/, It can then be shown that f is an amplitude
density for the measurements )2]-, j=0,..., m Notice that in all these cases

Y f(w)|= &(%)

@)
Other repeated measurements such as higher spin measurements can be
described in this way. Of course, in such cases the definition of f would be
more complicated. W

=1 (3.1)

Let Q,, £, be finite sample spaces, «,, &, catalogs on Q,, Q,,
respectively, and f; € @(,), f€ D(sf,). We now give a method for combin-
ing f; and f, to form an amplitude density in @(«,+ s,). Suppose f;, f>
satisfy

Y file))=

w1y

Y. folwy)

wy8);

=c#0 (3.2)

Although (3.2) is a fairly strong restriction, it does hold in various situations.
For example, if Q,=Q, and f;=f,, then (3.2) certainly holds. Also, by
(3.1), amplitude densities for the spin chains in Example 1 satisfy (3.2) with
c=1. We define f,of,:}; x(Q,->C by

(fiefollo,, ;) =

Lemma 3.1. If fie 9(A,), fre D(s,) satisfy (3.2), then fiof,¢e
D( sty + ).

Proof. Let X, e ﬂl, X, € o,. We must show that fiof, is an amplitude
density for X1 and Xz, that is, the normalization condition (2.3) holds.
From (3.2), letting

Y file)=c, Y flw)=c,

w€8 w20y

Silwy) fo{@2)
c

we have |¢;| =]c)| = ¢. For x, € R(X,) we have

(fref2)2,(x) =T A frofalr, w2): Xi(wy, 02) = x,}
=<3 (o) (0 X)) =31, 02€ 0}

Y folwy) Y {fi(wy): Xi(@y) =x,}

wr€),

=22 i (1) (33)
C
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Hence,

L fie)r )l = X )IﬁXl(x1)|2=l

x1e R(Xy) x1€ R(X,

Similarly, if x,€ R(X,), then

(hiefz () =2 fox (%)

and the normalization condition again holds. W

We now study the indeperldence of )?1 and )22 relative to f=fiofs.
Letting A< R(X;) and x; € R(X;), we have

FRIXTHAx) =T S (01, 02): Xi(@1, 5) = x,, Xy(@;, @) € A}

=%Z {filw) folw,): Xi(wy) =x, X5(w,) € A}

== i (8) T Uilwn): Xolo) € A} (3.4)
Hence,
Pe AX:(A]= T f[XH(A)Ix)P
x1€R(X,)
= LIS (a(0: Xalwn) € AYP (35)

Now let Bc R()?l). Applying (3.3)-(3.5), we have

L IRIRS AN =% T Ui ()PIE Us(a): Xolor) AJF

= Pz, /(B)Px, [ X;'(A)]
We conclude from (2.10) that X . and )22 are independent relative to f. In
this sense, any X, € &, is independent of any X, € o, relative to f. This is

not surprising, since f has a product form.
We now consider interference. If follows from (3.5) that

Pg, AX7'(A)]1= Py, 1X7'(A)]
for any X, Y,e o/, and X, o,. Moreover, it is easily shown that
P, (A)= X | fax, (%) (3.6)

xp€

Now (3.5) and (3.6) certianly look different. In fact, we shall see in the
next example that there can exist an f; € @(sf,) for which they are different.
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Hence, for such an f=fof,, every X", interferes with every )2'2. This is
related to the EPR problem. The measurements )21 and X, are separated
in the sense that they cannot communicate, since they act on different parts
of the system. In fact, they are statistically independent. However, the
amplitude density f = f,°f, produces nonlocal communication resulting in
interference. This also shows that there are independent measurements that
interfere.

Example 2. Let O ={w,, »,, w;} and let X, be a measurement given
by Xy(w;)=A;,j=1,2,3, where the A; are distinct. Define f,:(0>C by
fo@1) =1/3+i/V3, folw,) =1/3=i/V3, fo(w;) =1/3. Then

Y fHlw)|=c=1
we)
and fx,(A;) = fow;), j=1,2,3. Hence,
Y WP =1
reR(X5)

so the normalization condition holds. Letting A={A,, A,} € R(X;), we have

§ = 3 |f2x2(x2)I2
A

2 {fo(0): Xs(w) e A}lzzg;ég

We conclude that (3.5) and (3.6) do not agree, in general. W

Let o =of;+sf,. We now characterize those fe @{f) that have the
form f=fiof,, fi€ D(A,), [r€ D(A,). We say that fe D(sf) is factorizable
if the following conditions hold:

(a) Y{f (o, w2): 0€Q;, 0,0} =d #0.

(6) If f(@) =1, o f(©1, ), then f(w,)=0 implies f(w;, ;) =0
for every w,€£},.

(¢) f(w,, w,)/ f{w,) depends only on w, whenever f'(w,) # 0.

Theorem 3.2. Let fe (). Then there exist fi€ D(HA,), fr€ D(sf,)
such that f=fof, if and only if f is factorizable.

Proof. Suppose f = f,°f,. Then, defining c,, ¢, as in the proof of Lemma
3.1, we have

Z{f(wl,wz):wxEQl,szQz}=l Y filw) ¥ filwr)

C we) wyefl;

16
c

#0
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so (a) holds. Since f(wq)=c fi(w,)/¢, if f'(w)=0, then fi(w;)=0, so
f(w,, w,)=0 for every w,€,. Hence, (b) holds. If f'(ew,) # 0, then

flone) 1.
= e

is a function of only w,, so (c¢) holds. Conversely, suppose fe€ @(H) is
factorizable. We first show that f'€ @(sf,). For X, € & and x, € R(X,) we
have

I, (a) =2 A{f (@01): Xi(w,)=x,}
= % Y flo, w,)

weX7H(xy) we,
=Y {f (@, @2): Xy(@1, 03) = 3} = fz,(x,) (3.7)

Hence,

Y IfxGlP= X )|f>el(x1)|2=1

x;€ R(X71) x e€R(X,

so f'e D(44,). Since f'# 0, there exists an w, such that f'(w,) # 0. Define

o) = (@1, @)
S == 5
for every w, €$,. By (c) we have
1 q 1 __
m (0) f"(w2) = flw,, @3)

for every w,€Q,, w,€Q,. Applying (a) and (b) gives
R L]
f(wy) = Y flo,w,)

d w el

As in (3.7), if X,€ o4, and x,€ R(X,), we have

Fin =Ll
so f"€ @(s,). Since
Zﬂ f'(wl)' = ZQ f(ws)| =ld|

we have f=f"of". W
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4. MATHEMATICAL FORMULATION

We now summarize the full mathematical theory motivated by the
considerations in Section 2. This theory has already been developed in
Gudder (1988a,b, 1989, and 1990) and we refer the reader to these references
for more details.

Let () be a nonempty set which we call a sample space and whose
elements we call sample points. A map X : &~ R(X) is a measurement if
the following conditions hold.

(M1) R(X) is the base space of a measure space (R(X), Zx, ux).

(M2) Forevery x € R(X), X '(x) is the base space of a measure space
(X7'(x), 2%, k).

We call the elements of R(X), X-outcomes, the sets in 2x, X-events,
and X '(x) the fiber (or sample) over x. Notice that &(X)=
{XY(B): BeXy} is a o-algebra of subsets of (). We call the sets in €(X),
X-sample events.

A function f:Q - C is an amplitude density for the measurement X if
the following conditions hold:

(A1) fIX'(x)e L'(X(x), =%, uX) for all xe R(X).

(A2) fx(x)=]fduxe L(R(X),2x, px)= Hx.

(A3) | fxIP=]1fx] dux =1.
We call Hy the Hilbert space for X and fy the (X, f)-wave function. Of
course, (A2) and (A3) correspond to (2.1) and (2.3), respectively, in the
finite case.

A subset A< Q is an (X, f)-sample event if the following conditions
hold:

(S1) An X '(x)eXX for every x € R(X).
(82) fx(A)Nx)=], -1, fdux € Hx.

Denoting the set of (X, f)-sample events by (X, f), it is clear that (X) <
E(X,f). If Ae €(X, f), the (X, f)-pseudoprobability of A is

PX,f(A) = J’ !fx (A)|2 dux = “fX(A)HZ (4.1)

Notice that (S2) and (4.1) correspond to (2.4) and (2.6), respectively. For
Be3,, as in the finite case, it is easy to show that

Px A(B)=Px [X Y(B)]= J; |fx? dux

If Ac (X, f), BeZy, it can be shown that X (B)nAe &(X, f)
(Gudder, 1988a and 1990). If Py ,(A)#0, we define the conditional
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probability Py (B|A) as in (2.7) and it follows as in (2.9) that

Px,f(BIA) = PXf(A) J‘B |fx(A)|2 dﬂx

We say that X is f-independent of a measurement Y if €(Y) < €(X, f) and

J-B [ Y (A dux = Px ;(B)Px LY '(A)]

for every Be Xy, A€Xy. As before, this reduces to
Px,f(B| Yﬂl(A)) = PX,f(B)

for every BeXy, Ae 3, with Px [ Y '(A)]#0. Also, X does not interfere
with Y relative to f if €(Y)< €(X, f) and for every Ae X, we have

PX,f[ Y_I(A)] = PY,f(A)

We denote by L*(X,f) the functions g: Q>R satisfying the following
conditions:

(X1) gf|X x)e L"( X '(x),2%, uXx) for all xe R(X).
(X2) fx(g)(x)=] gfduX € Hx.
We call fx(g) the (X, f)-amplitude density of g and notice that (X2)

corresponds to (2.13). Corresponding to (2.14) we define the (X, f)-
pseudoexpectation of ge L*(X, f) by

Ex,f(g) = fo(g)fx dux ={fx(g),fx)

Until now we have only considered a single amplitude density f.
However, it is frequently important to consider several amplitudes simul-
taneously; in particular, linear combinations of amplitudes. Denote by oA Q)
the set of all measurements on {}. A nonempty subset & = A(Q) is called
a catalog. A function f:Q - C is an amplitude for a catalog « if f satisfies
(A1), (A2) for every X € « and the following condition:

(A3) |lfxll=fy for every X, Ye .
We denote the set of amplitudes for & by (o) and call #(A) the amplitude
space for . If fe H (), we write || f|| =] fx|, where X € & is arbitrary.
Of course, if ||f|| =1, then f is an amplitude density. We denote the set
of amplitude densities for o/ by @(«f). Notice that if fe ¥#(), acC,
then afe #(A) and |laf || =|a| || f]. Also, if fe # () with ||f||#0, then

fIf e D(s).
For f, g€ () we write fs g if for every X, Y € o we have

J' Ix8x dux = J Sv8yduy (4.2)
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If (4.2) holds, we denote this expression by (f, g). Notice that s is a reflexive,
symmetric relation and if fsg, then afsg for all aeC. We call s the
superposition relation. The following result is proved in Gudder (1988a and
1990).

Theorem 4.1. For f, ge #(A), fsg if and only if af + bg e () for
every a, beC.
For B < #(s) we write

B ={fe ¥ (A): fsg for all ge B}

We call Bc #(4) an s-set if B< B°. Thus, B is an s-set if and only if fs g
for all f, ge B. It is clear that singleton sets are s-sets and hence every
J€ () isin an s-set. Moreover, by Zorn’s lemma, every s-set is contained
in a maximal s-set. We denote the collection of maximal s-sets by 4 (sf).
Elements of /() are maximal sets of amplitudes for which superpositions
are allowed. They correspond to superselection sectors for a physical system.
It follows from Theorem 4.1 that if M e #(s), then M is closed under
addition and scalar multiplication, so M is a linear space. We call fe #(«)
a null amplitude if || f||=0. It is clear that the set of null amplitudes forms
a linear subspace of every M € M(sf) If we identify amplitudes that differ
by a null amplitude, it is straightforward to show that (-, -) is an inner
product on M. We then call this inner product space a sector. The collection
of all sectors is denoted (). In general, & can have many sectors (Gudder,
in preparation).

To illustrate the power of this formulation of quantum probability, we
now show that it includes traditional nonrelativistic quantum mechanics as
a special case. We have previously shown this for the catalog {Q, P}, where
Q and P are the position and momentum measurements, respectively
(Gudder, 1988a). We now give a much simpler argument using the catalog
o ={Q}. For simplicity we consider the one-dimensional case, but these
results easily generalize to three dimensions.

We take as our sample space the two-dimensional phase space

Q={(q,p): g, peR}

and define the position measurement Q:Q->R by Q(gq, p)=g. We place
Lebesgue measure on the fibers and range of Q so Q is indeed a measure-
ment. We define the momentum function P:Q1 >R by P(q, p) = p. Since we
are considering the catalog & ={Q}, P is treated as a function and not as
a measurement. Then H, becomes the usual position-representation Hilbert
space. Since we want to describe dynamics, our amplitude densities will be
functions of time.

Let ¢(q, t) be a complex-valued function which is twice differentiable
with respect to g and differentiable with respect to t. Moreover, we assume
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that , 9¢/dq, 3°¥/3q° € L*(R, dq) and ||| = 1. For each t€R, define the
function f: Q> C by

flg,p,t)= PG B(p, 1) e’

(2h

where 1/; is the Fourier transform of . The Q-wave function becomes

1 » igp/ h
folq, 1) =Jf(q, pt)dp :WI U(p,t) e " dp=1y(q,1)

It follows that f, € L*(R, dq) = Ho and || fol| =1, so fe @ () for each teR.
Moreover, Pe L*(Q, f) [see Conditions (X1), (X2)] since

fo(P)(g, t)= J pf(q,p,t)dp

1 A i /
=) I pd(p, t) €% " dp

1 3 A .
“Ge () [ S0 e
=~ihj—;p(q, t)

Similarly, fo(P?)=—#%3"¢/3q” and if ¢ is sufficiently smooth, f,(P")=
[—ih 8/9q]"y. More generally, if  is sufficiently smooth, then for any
polynomial g we have f,(g(P))=g[—ih 3/3q]. Moreover, if V:R->R is
any function such that V(g)y(q, t) € Hp, then

fo(V(Q))(g, 1) = j V(g)f(q,p,t)dp=V(q)¥(q,1)

We conclude that g(P) is represented by the operator g[—ih 8/9q] and
V(Q) by the operator which multiplies by V(gq). In this way we have derived
the Bohr correspondence principle.

We now derive the Schrédinger equation from Hamilton’s equation
dp/dt=—3H/dq. Suppose that the Hamiltonian has the form

2

H(q,p)= L+ Viq)

We now assume that Hamilton’s equation holds in the amplitude average.
Hence,

d
x ‘[ pf(g,p,t)dp= ——J H(q,p)f(q,p,t)dp
aq



Combined Systems in Quantum Probability 773

It follows that
d{ . a¢:> a[ h? 3%y 1
—(-inT) == =L+ V
dt( ' aq ogl 2maq’ (q)th

Interchanging the order of differentiation on the left side of this equation
and integrating with respect to g now gives Schrodinger’s equation

h2 2
20U,

at 2m dq Viglv

S. DIRECT SUMS

Let &, < &?(Ql), A< &%(Qz) be catalogs on the sample spaces {,, {},.
Form the sample space consisting of the disjoint union Q=0,0Q, of &,
and Q,. For X;e€ o, X, ¢ oA, define X = X;® X, as the function

X: Q-R(X,)UR(Xy)
given by
x={3e) i weo,

We make X into a measurement by defining

Sy={AUA,: A €2y, AeZy)}
and

Mx (Ax U Ay = Mx‘(Ax) + I-sz(Az)
Moreover, on the fiber X 7'(x) we define

{ %, if xeR(X)

k=
3% if xeR(Xy)
and for Ae X% define

X(A)_{,L;;l(A) if Aelj,
PR T (A if Aesk,

We define the direct sum of o, s, to be
ﬂz‘ﬂl@dZ:{Xl@XZ: XIE ‘lea Xze ﬂz}

Then o, @ A, is a catalog in ﬁ(ﬂ, U0y).
Let f, € #(sA,), fr€ H(A,) and define f=f,Df,: Q->C by

_ | filw) if we,
f(w)_{fz(w) if wel,
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For X = X,;® X, we have R(X)=R(X,)U R(X,). Let xe R(X) and sup-
pose x € R(X,). Then f|X'(x)=f|X{'(x). Similarly, if xe R(X,), then
fIX7H(x) =£X5'(x). Hence,

lel(x) if xeR(X,)

fX(X)={f2x2(x) if xeR(X))

It follows that
J |fx|2 dux = J |f1x1|2 dP«x, + J |f2X2|2 d,bbx2
R(X) R(X,) R(X3)

=IAP+IAI

We conclude that fe #(sf) and |f|>=]Al?+|/£|> Moreover, if f e
D(st,), fr€ D(A,) and a, be C satisfy [a>+|b]*=1, then af,® bf,e D(AL).

We now discuss interference and independence. Let X = X,® X, ¢
A\ Dsts, f=af,®bfs, fie D(A),i=1,2,]al*+|b*=1andlet A=A, U A€
E(X, ). It follows that A, € (X, f;) and A, € €(X,, f,). If x € R(X,), then

fdu"x=aJ’ Jr dux, = afix,(A)(x)

AnXTx)

Jx(A)(x) =J

AnX (%)

Similarly, if x € R(X,), then fx(A)(x) = bf,x,(A,)(x). Hence,

Px,f(A) = J‘ IfX(A)|2 dl’«x

R(X)

=ia|2f |f1X1<A1>|2dMX1+|b|2f
R(Xy) R

=|a|2le,f,(A1)+fb|2Px2,f2(A2) (5.1)

In particular, (5.1) shows that the distribution of X relative to f is a convex
combination of the distribution of X, relative to f; and X, relative to f.
let Y=Y, 0 Y,e o, DA,. It follows from (5.1) that if X; does not inter-
fere with Y, relative to f;, i =1, 2, then X does not interfere with Y relative
to f Let B=B,UB,e3y and AeZ,. Then

lfzxz(Az)lz dﬂvx2
)

(X

J; IfX[Y_l(A)]lz d,ux = |a|2 J'B !.lel[ Y;I(Al)]lz d,val

+ |b|2 J'B |f2x2[ Yz_l(Az)]'z d,U«xz (5.2)

while
Py ;(B)Px /[ Y7'(A)]= [|a|2PX1,f1(Bl) +|b|2Px2,f2(Bz)]
x{lal*Px, 1 Y1 (A)I+[B*Px, [ Y3 (AT} (5.3)
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If X; is independent of Y, relative to f;, i=1, 2, then (5.2) gives
J |fx[ YA dux =lal*Px, ;,(B;) Px, [ Y1'(A)]
B

+[bI*Px, 1, (B) P, s Y2 ' (A)] (5.4)

In general, (5.3) and (5.4) do not coincide unless ab = 0. Thus, even in the
case of componentwise independence, X and Y are not independent in
general.

The next result characterlzes amplitude density direct sums. For fe
G (A, D oA,) we write fx =(flQ)x, i=1,2.

Theorem 5.1. Let A=A, DA, fe D(H) and assume that D(,),
9(s4,) # . Then there exist fie D(s4), i=1,2,a,beC with |a]’+[b] =1
such that f = af,® bf, if and only if (1) fx ——0 a.e. [ux,] for every X, e o,
implies f(w;) =0 for every w,€Q,, (2) fX2~O a.e. [ux,] for every X, € o,
implies f(w,) =0 for every w,(},.

Proof. Suppose fe D(A) and f=af,Dbf,, e D(H;),i=1,2. Assume
fx =0a.e. [ux,] for every X; € &/,. Since af; =f|Q,, we have af,x, = fX1 =0
a.e. [ux,] for every X, € of,. Since f, € D(s4,), we have

lal=la| || fix,| = lafix,| =0

so a=0. Hence, |b| =1 and f=0f,® bf,. Then, for every w,€(),, we have
f(w;)=0fi(w,) =0. Therefore, (1) hoids and in a similar way, (2) holds.
Conversely, suppose fe D() and (1) and (2) hold. Let X = X,® X, € o
Then for x, € R(X,) we have

fduy= f L faud = (x)

X7 (xp)

Sfx(x)= J

X "Hxp)
Similarly, fx{x,) =fxz(x2) for every x, € R(X,). Hence,
1= J |fx | dux = J Ifxliz dux, +'{ lfxz|2 dux,
R(X) R(X)) R(Xy)
Define a =0 by
@=1-] VA
R(X;)

for a fixed X, e of,. Then for every X, Y, € o, we have

J |fx,|2 dﬂxlzj 'fyl|2 dMY,:a2
R(Xy) R(Yy)
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Similarly, there exists a b =0 such that for every X,, Y, &/, we have

J' ]szl2 dMXZ = J. |fY2'2 d,vaz =b’
R(X3) R(Y3)

Then a+b*=1.1f a =0, then f, =0 a.e. [ux,] for every X, € o/, . Applying
(1), we have f(w;) =0 for every w,€{),. Let fc @(,) be arbitrary and
define £5:Q—>C by fo(w,) =f(w,). To show that f,e §(sf,), let X, e oA,.
Then for x,€ R(X,) we have

£ dﬁb;z:J'  fdu3= (%)

X7 (%)

fzxz(xz) = J

X3M(x2)

Hence,

IR TN TN
R(X3) R(X5)

Therefore, f,€ D(s4,) and f=0f,®f,. Similarly, if b=0, then f=f,@0f,
for some fic ¥(;), i=1,2. Now suppose a, b>0. Define f;: Q,->C by
filw)=f(w)/a and f,: Q,>C by fi(w,)=f(w,)/b. To show that f, e
9(A,), let X, € &,. Then for x; € R(X;) we have

x l x 1 A
Six, = J Srduy == J fapy =—fx(x)
X7 X7'x) a

a

Hence,

1 a
J' if1X1|2 d,u,Xl =7J |fx1|2 d.‘»‘x1 =1
R(X{) a Jrixp

Similarly, f,€ @(«,). Moreover, f=af,@bf,. R

gorollary 5.2. Let fe @(oA,® ) and suppose there exist X; € &; such
that fx, # 0 a.e. [ux,], i=1,2. Then there exist f,e ¥(HA,), i=1,2,a,beC
with |a|*+|b> =1 such that f= af,® bf,.

gorollary 5.3. Let fe #(A,® o,) and suppose there exist X; € &; such
that fx, # 0 a.e. [ux ], i =1, 2. Then there exist f; € #(;), i=1, 2, such that
f=H®f.

The next result shows that the decomposition f = af; @ bf, is essentially
unique.

Lemma 5.4. Let f;, fie @(sA,;), i=1,2, and suppose

af D bf=a'fi®b'f}

where a, b # 0. Then there exist ¢, d € C with |¢|=|d| =1 such that f, = ¢f},
fo=df} and a’=ac, b’ = bd.



Combined Systems in Quantum Probability 777

Proof. Since afy(w,)=a'fi{w,) for all w,€8}; we have fi=a'f}/c.
Hence,

’

=1l =[] =|%

Letting c¢=a'/a, we have fi=cf] and a'=ac. A similar result holds
forf,. &

We now give an example of an f€ @(sf,® «,) which is not of the form
f-_—afle_)b.nyj;E@(ﬂi)’ l=1,2

Example 3. Let Q,={w,, w,}, X|(w,) =X (w,)=Xx,, with counting
measure on the fiber and range. Let Q,={w;}, X5(w;)=x,, again with
counting measure on the fiber and range. Form the catalogs &, ={X},
dy={X,}. Define f:0,0Q, by f(w)=—f(w,)=f(w;)=1. Then fe
D (A, D ,). Indeed, le—() and fxl—l Hence, for X = X,® X, we have

T Ix®P=1

xeR(X)

Now fxl-——O for all X, e &, yet f(w)#0 for all w€(};. By Theorem 5.1,
f#afi®bf, for e D(d),i=1,2. B

We now consider sectors in the direct sum ;@ f,. Since null ampli-
tudes are identified with the zero amplitude, it follows from the proof of
Theorem 5.1 that modulo a null amplitude, fe 2’5(&41@&%) if and only if
f=£®f,, where f;e #(;), i=1,2. Moreover, fx, =fx, for every X; € s,
i=1,2. Clearly, f; and f, are unique.

Lemma 5.5. If f, ge # (A, @ A,), then fsg if and only if f,sg,
and f5,5g,.

Proof. Suppose f,5g,,/,5g,. For X,e A, X,e A,, and X =X,D X,
we have

J fx8x dux = J f1x,g_1x1 d,ll'x1 + J fzngzx2 dl-sz
R(X) R(X)) R(X3)

and the right side is independent of X, e &f,, X, € «,. Hence, fsg. Con-
versely, suppose fsg and X, Y, € &,. Let X, € o, and define X = X,® X,
and Y: Y1®X2 in -9«1@&«2. Then

~

J flxlglxl d,ux, = Sx&x dl«'vx —J fzng_zx2 d,U«x2
R(X;) R(X>)

v R(X)

= fygv d.U«Y - J fzngzx2 d,bbx2
JR(Y) R(X2)

= ﬁYlle‘ d,uy,

v R(Yy)
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Hence f; s g, and similarly f,sg,. W
For A; < (), i=1,2, we use the notation
ARA={fi®f:: fic A, fie A}

Theorem 5.6. M < #(d,PsA,) is a sector if and only if M =M, M,
where M, e #M(d;), i=1,2.

Proof. Suppose M € M(A4,D A,) and let
M;={f:feM}c #(), i=12

Then M < M,® M, and by Lemma 5.5, M; < M3, i=1, 2. Suppose g, € M.
Ifg.eM,, letg=g,@Pg,. Then by Lemma 5.5, g M* = M. Hence, g, € M,.
Therefore, M, = M7, so M, € #(4,) and similarly M, e M (,). Finally, if
g €M, i=1,2, then

g=g1®DgeM’ =M

Hence, M = M,® M,. Conversely, let M,e M(A;), i=1,2, and let M =
M, ®M,. By Lemma 5.5, M < M°. Let ge M°, with g=g,® g,. Again by
Lemma 5.5, g;e M{=M,, i=1,2. Hence, g M. Therefore, M = M", so
MeM(4,DA,). A

For inner product spaces H,, H,,let H, & H, be the usual inner product
space direct sum. That is,

H1®H2={(¢1, W) € Hy, ¢r,€ Hy}

where addition and scalar multiplication are defined componentwise and

(Y1, ¥2), (&1, &) =y, b))+ (2, &)
Lemma 5.7. If Me (), i=1,2, then the map J: M@ M,~»
M,® M, given by J(f,® 1) = (f1, f2) is an isomorphism.
Proof. Clearly, J is a linear bijection. Moreover, for X = X, ® X, € &,®
A, and f;, gie M;, i=1,2, we have

N1®4h,898)= J'R(X) (D) x (8D g:)x dux

= J flxlglxl d,ux‘ ‘*‘J fzng’zx2 d#xz
R(Xy)

R(X3)

=((/1,£2), (81, &) = (/1®1), J(g:Dg:)) W
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6. CARTESIAN PRODUCTS

If A and B are sets, we denote their Cartesian product A X B by AB.
We denote an element (a, b) € AB by ab. For measurements X € /() and
Y € A(£)') we define the Cartesian product XY of X and Y as the map

XY: QQ'->R(X)R(Y)
given by XY (we')= X{w)Y(w’'). For xye R{XY)=R(X)R(Y), the fiber
(XY) Y (xy)=X""(x) Y '(y) is the base space of the measure space
(XT'x)Y (), T X EY, uk X p¥)
Moreover, the range R(XY) is the base space of the measure space
(RIX)R(Y),Zx XZy, ux X fy)

Equipped with these measure structures, XY becomes a measurement on
QQ'. It is straightforward to extend this definition to form the Cartesian
product of any finite number of measurements.

Let 4 < &2’(9), B Q(Q’) be catalogs. We then define the catalog
AR < A(QY') by

AB={XY:Xe s, Ye B}

For fe #(H), ge H(B), we define fg: QQ'>C by fg(oww')=f(w)g(w),
where the right side is the usual complex product. If XY € 4%, we have

(f8)xv(xy)= J Seduy= J faux J gdu’
(XYY ') X7 Y~
= fx(x)gy(y)

Hence,

J !(fg)XY(X}’)lz duxy = J ‘fx[z dux J' ‘fylz duy
R(XY) R(X) R(Y)

It follows that fg e #(<4R) and | fz| =1 fIl llg|. In particular, if fe D(sA),
g€ D(B), then fge H(LRB).
If C e (XY, fg), then

(fg)xv(c)(x)’)zj feduy

CA(XY) )

In general, this expression cannot be simplified unless C is a product event
C=AB, Ac é(X,f). Be &(Y, g). In this case

fdux Jr gduy

BAY Hy)

=fx (A)(x)fyv(B)(y) (6.1)

(f2)xv(AB)(xy) = J

Anx (x)
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Applying (6.1) then gives
Suppose X, X'e o, Y, Y'e B, X does not interfere with X' relative to f,
Y does not interfere with Y’ relative to g, and ABe €(X'Y’). Then from
(6.2) we have
Pxy. [ (X Y)H(AB)]= Pxv, [ (X)T(A)N(Y) (B)]

= PX’,f(A)PY’,g(B)

= PX’Y’,fg(AB)
However, every C € €(X’'Y’) need not be a product event C = AB and in
general we may have

Py (XY )NC)]# Pxy (C)

so XY can interfere with X'Y" relative to fg. A similar observation holds
for independence.
If fe #(d,54,) has the form f=f, f,, fie #(A;), i=1,2, we call fa
product amplitude. For f, ge #(d), we write f1g if fsg and (f, g)=0.
Theorem 6.1. Let f, g € #(4,54,) be product amplitudes. Then fs g if
and only if one of the following conditions holds: (a) f; s g; and f5 s g5, (b)
filgy, (€) frlgs.

Proof. 1t is clear that fsg if and only if

<f1x, » g1X1><f2X25 gzx) ={fi Yy lel><f2Yza 8> Y2> (6.3)

forevery X,, Y,e o, X5, Y,e ,.If (a), (b), or (¢) holds, then (6.3) holds,
so fs g. Conversely, suppose fsg. If fi£g, and f,L£g,, then there exists an
X, e o, such that (f,x,, g1x,) # 0. Letting Y, =X, and applying (6.3) gives
J> s g,. Similarly, f, s g,. Now suppose f; 5 g,. Then there exist X, Y, € &,
such that

(flx,, g1x,>;'é (fi v;» 81 Y,>

Letting X, =Y, and applying (6.3) gives {fx,, &x,) =0. Since X, € &, is
arbitrary, f,1g,. Similarly, f, 5 g, implies f;Lg,. B
For M, c M (sf;), i=1,2, we define
M\M,={fif,: fie M, i=1,2}
It follows from Theorem 6.1 that M, M, is a subset of a sector of H#(A,4,).
In general, M, M, is not itself a sector. Denoting the tensor product of M,
and M, by M,® M,, it is clear that the map K : M| M,~» M,® M, defined

by K(fif,) =f1®f, extends to a unique isomorphism from span M, M, into
M,QM,.
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Our next result characterizes product amplitudes. For fe #(,s4,),
w, €8, 0,€Q,, define fwz(wl) =f(w,, w,) and fwl(wZ) =f(w;, ©,).
Theorem 6.2. Let fe #(A,5,). Then f is a product amplitude if and

only if £, € #(sH,), f., € #(4,) for every w, €),, w,€ (), and for every w,,
wi€)y, w,, wse ), we have

fla0,) f(0iw3) = f(w,03) f (010)

Proof. Suppose f is a product amplitude and f=f,f,. Then f, =
folw,) fi and f, = fi(w,) f, are amplitudes and

Sf(w10,) f(0]03) = filw,) (o) filo) f(w3)
=f(w,03)f(wiw,)

Conversely, suppose f satisfies the conditions of the theorem. If f =0, then
clearly f is a product amplitude. Otherwise, there exist wief);, w,ell,
such that f(wiw}) # 0. Then for every w, € Q,, w,€ ), we have

_f(wxwé)f(w;wz)___ 1
flowy)= o)) Ttate)

Although we shall not pursue this matter here, it is interesting to observe
that quantum field theory can be formulated within this framework. If
A< A(Q) is a catalog, we write " = Ao - - - o, where there are n factors
on the right side. Let Q= {w,} be a singleton set and define the measurement
Xo: 0> {xo} by X(wg) = x, with counting measure on the fiber and range.
We define &° = {X,}. The Fock catalog over  is defined by

MN(A)=A"DA'DA*D -
If fe (), we define the exponential (or coherent) amplitude exp(f) by

f [

n!

fwé(wl)fwl’(wZ) |

exp(f=18f®
where f"=ff- - f (n factors). It is easy to see that fsg if and only if
exp(f) s exp(g). It follows that if M € #(sf), then

exp(M) ={exp(f): fe M}

is contained in a sector of T'(f). We leave the further development of this
theory to future work.
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